Using the DMRG method we calculate the surface spin correlation function, C L ͑l͒ = ͗S l z S L+1−l z ͘, in the spin S = 3 2 antiferromagnetic Heisenberg chain. For comparison we also investigate the S = 1 2 chain with S = 1 impurity end spins and the S = 1 chain. In the half-integer spin models the end-to-end correlations are found to decay to zero logarithmically, C L ͑1͒ϳ͑log L͒ −2d , with d = 0.13͑2͒. We find no surface order, in clear contrast with the behavior of the S = 1 chain, where exponentially localized end spins induce finite surface correlations. The lack of surface order implies that end spins do not exist in the strict sense. However, the system possesses a logarithmically weakly delocalizing boundary excitation, which, for any chain lengths attainable numerically or even experimentally, creates the illusion of an end spin. This mode is responsible for the first gap, which vanishes asymptotically as ⌬ 1 Ϸ͑v S d͒ / ͑L ln L͒, where v S is the sound velocity and d is the logarithmic decay exponent. For the half-integer spin models our results on the surface correlations and on the first gap support universality. Those for the second gap are less conclusive, due to strong higher-order corrections.
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I. INTRODUCTION
One of the most studied models of interacting quantum systems is the antiferromagnetic Heisenberg chain. It is defined by the Hamiltonian
where S ជ i is the spin-S operator at site i. It has been known since Haldane's seminal work 1 that the low-energy properties of the model for half-integer and integer values of the spin are different. Half-integer spin chains are gapless, and the bulk correlations are quasi-long-ranged. On the other hand, integer spin chains have a finite gap, there is a hidden topological order, 2 and the bulk correlations are short-ranged, involving a finite correlation length .
The universality class of half-integer spin chains was debated for some time, by now it is generally accepted that all are in the same bulk universality class, independent of the value of the spin. [3] [4] [5] A thorough numerical investigation for the S = In an open chain with L sites it is of interest to measure the two-point function,
where the two spins are positioned symmetrically to the middle of the chain. When 1 Ӷ l Ͻ L / 2 the two spins are far from the boundary and the scaling behavior is determined by the bulk exponents. For instance, C L ͑␣L͒ with 0 Ӷ ␣ Ͻ 1/2 scales as C L ͑␣L͒ϳL − . On the other hand, for l Ӷ L fixed, the two spins are close to the boundary, and C L ͑l͒ probes the surface critical behavior. In particular, for l = 1 we obtain the end-to-end correlation function C L ͑1͒. For the S = 1 2 chain, as obtained by analytical methods, the end-to-end correlation is also quasilong-ranged, but the asymptotic decay, C L ͑1͒ϳL − s , involves the so-called surface exponent s =2, 7 which differs from the bulk exponent .
For higher S there may be an even more drastic difference between bulk and surface correlations; the surface correlations may become long-ranged. This phenomenon is best understood for the S = 1 chain, in which there is a wellestablished surface order, C͑1͒ = lim L→ϱ C L ͑1͒ Ͼ 0. In general the order decays exponentially with the distance from the surface,
where s is the surface correlation length, which is equal to the bulk correlation length of the S = 1 chain. 8, 9 ͑Note, however, the factor 2 in the exponent, which is present due to the fact that a unit change in l takes the two spins two sites closer to each other.͒ The leading finite-size correction to the correlation function is also exponential,
Here again the length f characterizing the finite-size corrections is expected to be equal to , thus there is only one length scale in the system. Note that we have neglected possible algebraic prefactors in Eqs. ͑3͒ and ͑4͒.
The origin of surface long-range order in the S = 1 chain can be understood in the valence-bond-solid ͑VBS͒ framework. 10 Representing each S = 1 spin by two symmetrically coupled spin-1 2 degrees of freedom, the ground state can be written as the product of singlet bonds connecting neighboring spins, except for two remaining localized spin-1 2 's at the ends. These localized end spins are responsible for the behavior of surface spin correlations. The VBS construction is exact for the S = 1 Affleck-Kenedi-Lieb-Tasaki ͑AKLT͒ model,
However, numerical studies have confirmed the above scenario for the pure S = 1 chain, H 1 , too.
9
In order to understand the behavior of open spin chains with S Ͼ 1, Ng proposed 11 a theory based on an extension of the VBS picture. According to this, each spin-S variable can be replaced by 2S symmetrically coupled spin-1 2 's, among which singlet bonds are formed. For integer S all bulk spins are involved in singlet formation, except for those at the chain ends, which form localized edge spins with spin S /2. Surface spin correlations are then expected to have the same characteristics as for S = 1, summarized in Eqs. ͑3͒ and ͑4͒. The ground state becomes ͑S +1͒ 2 times degenerate in the thermodynamic limit. For finite chains this degeneracy is lifted by an exponentially small gap, which is due to the exponentially small effective interaction between the end spins. Above the degenerate ground states the spectrum is gapped ͑Haldane gap͒, and the finite-size corrections to these levels are algebraic ͑note the boundary condition͒.
9 DMRG studies of the S = 2 spin chain have shown evidence in favor of the above scenario, although the correlation length is much longer than for S =1. [12] [13] [14] For half-integer spins, this scenario implies that there is one spin-1 2 at each bulk site which is not involved in singlet formation. Moreover, there remain spin-͑S +1/2͒ / 2 degrees of freedom at the chain ends. Consequently, as Ng argues, 11 the effective low-energy model is a spin-1 2 chain ͑a Luttinger liquid͒ perturbed by ͑S +1/2͒ / 2 impurity spins coupled antiferromagnetically at the ends:
where
with S ជ ͑ ជ ͒ being spin-1 2 ͑spin-͒ operators, and Ͼ0 is some unknown, but positive, impurity coupling.
The H 1/2 quantum impurity problem was analyzed earlier by Eggert and Affleck. 15 They argued that the surface spin is partially screened by the Luttinger liquid, leading to an effective end spin of value end = −1/2. This remaining spin is coupled ferromagnetically to the bulk, thus
as far as the low-energy behavior is considered. However, the coupling g = g͑L͒ Ͼ 0 is marginally irrelevant, satisfying a Kondo-type RG equation
whose solution is
Here B is an appropriate inverse length depending on the bare coupling. Note that B can be rather different from unity, thus its effect cannot be neglected for moderately long chains. Equation ͑10͒ implies that end spins become asymptotically free, g͑L͒ → 0 for L → ϱ. In the thermodynamic limit the spectrum is that of an S = 1 2 chain with L − 2 sites and two decoupled spin-end spins. This gives rise to an ͑2 end +1͒ 2 -fold quasi-degeneracy of the ground state. For finite length the quasi-degenerate states are separated from the ground state by an energy
The other higher-lying excitations in the spectrum are predicted to be delocalized excitations of the Luttinger liquid. Some of these field-theoretical predictions have been checked numerically for half-integer spin Heisenberg chains. 12, 13, [16] [17] [18] In particular, indications for the predicted number of edge states were found, and the corresponding excitation energies were shown to vanish faster than 1 / L. Higher-lying states were demonstrated to scale as 1 / L. However, several aspects of the system have remained unclear. The accurate form of the excitation energy of the edge state lacks an accurate analysis. It is not clear whether the logarithmic term predicted by the quantum impurity calculation is indeed consistent with the numerical results. Also, in order to test universality the structure of the higher lying excitations requires additional analysis.
Another open question involves the surface correlation function, and in particular the surface long-range order. Indeed, the VBS analysis is based on the assumption that the bulk chain possesses a short-range RVB "backbone" which remains inert for the low-energy behavior. Its only effect is to provide localized edge spins. This picture would imply that this backbone mediates correlation between the two ends of the chain in much the same way as it does for the S =1 Heisenberg chain. However, the presence of the extra spin- 1 2 component in the bulk may have an important effect, and it is a priori unclear whether this effect is weak enough not to destroy the surface order. In Ng's theory the edge spins are localized to the ends, and their effective coupling scales to zero faster than 1 / L. When the chain length is even, the lowest-lying state is a singlet, in which both the bulk of the chain and the two end spins form singlets independently. Thus there is a clear anticorrelation between end spins. Localization of the end spins means that they contribute a finite amount to the first and last spins of the chain, thus this anticorrelation assures finite surface order, C͑l͒ Ͼ 0.
Our aim in this paper is to elaborate on these questions in the case of the S = model, H 1/2 1 ͑Ͼ0͒, which is predicted by Ng's theory to belong to the same universality class as the S = 3 2 chain. The structure of the paper is the following. In Sec. II we discuss the high precision DMRG method used in the calculations. The numerically calculated excitation energies and the surface correlation function are analyzed in Secs. III and IV, respectively. A discussion of the results is presented in Sec. V. There is an Appendix attached to the paper, where we list the exact surface critical properties of an Ising quantum chain with an extended defect, which serves as an analogy with rigorous results.
II. NUMERICAL METHOD
In the calculations we used open chains of various finite lengths, L = 12, 24, 36, . . . , 216, and calculated energy gaps and the surface correlation function using the DMRG method ͑for recent reviews see Ref. 19͒ . We performed the DMRG calculations using both the standard technique, i.e., keeping the number of block states fixed, and the dynamic block state selection ͑DBSS͒ approach. 20, 21 Each eigenstate we considered was targeted independently using two or three DMRG sweeps.
In the standard procedure 500-800 block states were used. It was found that for the largest systems ͑L = 192 for the S = . The DBSS approach 20 allows for a more rigorous control of numerical accuracy, and we set the threshold value of the quantum information loss to a fixed value. The minimum number of block states was set to 256, and the upper cutoff on the number of states to 1500. The entropy sum rule was checked for all finite chain lengths for each DMRG sweep, and it was found that the sum rule was satisfied after the second sweep already.
We also checked systematically the change of the accuracy of the energy and correlation functions by varying from 10 −5 to 10 −9 . We found that the change in the energy was in the order of , while it was two orders of magnitude worse for the correlation functions. It is worth mentioning that for =10 −9 the upper cutoff on the number of states was reached even for N Ϸ 100, which also indicates the limits of our calculation. Therefore, in most of the calculations we used =10 −8 . With this value the maximum number of block states varied in the range 600-1400. In order to have high precision results, we set the residual error of the Davidson diagonalization algorithm to 10 −9 . Based on our systematic check of the effect of the quantum information loss, we believe that the gaps we calculated are accurate up to eight digits, and the correlation functions up to at least six digits.
III. EXCITATION ENERGIES
The spectrum of the S = 1 chain with open boundaries is well known in the literature. 22 The first gap ͑singlet-triplet gap͒, which is related to the localized surface excitation, is exponentially small in L. In contrast with this, the second gap ͑singlet-quintuplet gap͒, which describes a bulk excitation, is finite and this defines the well-known Haldane gap.
For S = actual value does not matter due to universality. In both half-integer spin models the remaining effective end spins are end =1/2, thus the quasi-degeneracy involves the singlet ground state and a triplet state. Thus the first gap, defined by the lowest state in the S tot z = 1 sector, is expected to take the form of Eq. ͑11͒. The higher-lying excitations are delocalized excitations. They scale as 1 / L and form conformal towers. In the following we analyze the gaps ⌬ n , n =2,3,..., defined by the lowest states in the sectors S tot z = n. Conformal invariance dictates that the gap ⌬ n , associated with the scaling field n , satisfies
where v S is the nonuniversal sound velocity and x n is the scaling dimension of n , defined as ͗ n ͑0͒ n ͑r͒͘ ϳ r −2x n . The sound velocity is known exactly for the S = 1 2 chain: v 1/2 = /2. 23 For S = 3 2 the best numerical estimate is v 3/2 = 3.87. 6 The logarithmic correction appears due to the presence of marginal operators marg . 24 The coefficient d n is universal, determined unambiguously by the operator product expansion ͑OPE͒ rules of the underlying field theory. 24, 25 Assuming that the OPE reads schematically as
the coefficient of the log correction turns out to be
Other, more irrelevant operators may also give corrections but these decay faster than the leading order logarithmic correction. In the present case there are, in fact, two marginal operators in the theory: the boundary perturbation represented by the effective edge spin discussed above, and the standard bulk marginal operator present in all half-integer spin chains. 5 In the following we assume that even in this case Eq. ͑12͒ remains valid, with d n representing an effective value, arising due to the combined effect of the two marginal operators.
Note that the expected form of the gaps in Eqs. ͑11͒ and ͑12͒ is formally the same. We can think about the first gap as satisfying Eq. ͑12͒ with scaling dimension x 1 = 0 and an appropriate constant d 1 .
Neither for H 3/2 nor for the H 1/2 1 ͑͒ model are we aware of any rigorous analytical predications for x n and d n . Nonetheless, if the two models are in the same ͑surface͒ universality class, the full operator content should be identical. A possibility, suggested implicitly in Ref. 12 is that the critical exponents associated with the higher-lying excitations in the spectrum are the same as the exponents in the pure S = 1 2 model with open boundary condition, H 1/2 . If this were true, the edge spins would only effect the lowest gap ⌬ 1 but not any higher-lying excitations. For the H 1/2 chain the operator content is rigorously known: 7, 26 x n = n 2 , 
A. Analysis of the first gap
The size dependence of the first gap is shown in Fig. 1 both for H 3/2 and for the effective model H 1/2 1 ͑͒ with three different values of the impurity coupling, = 0.5, 1.0, 4.0. The data seemingly fit onto a straight line in the log-log plot, with an average slope larger than 1. To obtain a more quantitative description, we have calculated the local slopes from two point fits. This corresponds to the effective gap exponent ͑L͒, defined as ⌬ 1 ͑L͒ϳL −͑L͒ , and the true gap exponent is obtained as = lim L→ϱ ͑L͒.
For the S = 3 2 chain, the effective exponent first increases with L, then passing through a maximum around L = 60, it starts to decrease rapidly. The same data for the impurity models are monotonically decreasing with L. To analyze the size dependence of the effective gap exponents we use the field-theoretical result in Eq. ͑11͒, which predicts logarithmic corrections. Therefore the effective exponents are presented in the inset of Fig. 1͑a͒ as a function of 1 / ln͑BL͒ with the optimal B chosen independently for each data set ͑see later͒. For almost all curves the behavior seems to be nicely compatible with the expected result = 1 with logarithmic corrections, except for = 0.5 where the asymptotic regime has probably not yet been reached.
Assuming that the first gap indeed scales according to Eq. ͑12͒ with x 1 = 0, the two remaining parameters B and d 1 can be determined from the numerical data. The consistency of these parameters with other results can serve as a justification for the fitting ansatz. In Fig. 2 we present the effective, size-dependent parameters B͑L͒ and d 1 ͑L͒, determined from two-point fits. The parameter B which depends on the bare couplings of the marginal operators is not universal. Indeed we see that it varies considerably for the four models we consider. Our best estimates for B = lim L→ϱ B͑L͒ are as follows: 
· ͑16͒
Note, however, that B͑L͒ depends very much on the chain length, especially for the H 1/2 1 model family. In that case the sharp downturn of B͑L͒ above L Ϸ 72 clearly indicates that higher order corrections play an important role and the asymptotic regime is probably not yet reached. Therefore, the determination of B for these models bears a rather large error.
Other parameters may have less severe finite size corrections. For instance, d 1 in Fig. 2 seems to have better convergence properties. Our best estimate for H 3/2 is d 1 = 0.14± 0.02, and for H 1/2 1 d 1 = 0.12± 0.02. The deviation is small, and a common value at d 1 = 0.13± 0.02 is consistent with our error estimates. This supports the conjecture that these models belong to the same universality class. Note that d 1 is positive, whereas for the pure S = 1 2 chain, H 1/2 , d n in Eq. ͑15͒ is negative for all n.
Using the values of B determined in Eq. ͑16͒, the first scaled gap is convincingly linear as a function of 1 / ln͑BL͒ as shown in Fig. 3 . The common slope is given by d 1 within the error bar.
The corresponding value d 1 for the S = 3 2 chain can also be calculated from the results of Lou et al. 16 on the coefficient of the log correction. Their data yield d 1 = 0.32, however, they used a very rough fitting with B = 1, which is very far from our estimated value. As for B itself, our value can be compared to the one obtained in Ref. 6 , namely B = 0.6± 0.1. The two values differ by a factor of 5. Notice, however, that Ref. 6 used periodic boundary condition, and thus measured the logarithmic corrections due to the bulk marginal operator only, whereas our B is expected to represent the combined effect of both marginal operators. Also B͑L͒ is monotonically decreasing for S = 3 2 , thus determining it from shorter chains such as L = 60 used in Ref. 6 , may yield a higher effective value.
B. Analysis of the second gap
Our numerical data indicate both for the S = 3 2 chain and for the impurity models that the second gap ⌬ 2 scales as 1 / L, and the associated dimension x 2 is finite. The scaled second gap L⌬ 2 / ͑v S ͒ is shown in Fig. 4 as a function of 1 / ln͑BL͒. For B we have used the values determined from the first gap. It is clear that the finite size corrections are very strong and the asymptotic regimes have not yet been reached.
The curves for H 1/2 1 ͑͒ go through a local minimum, then increase rapidly as L increases. A limiting value around x 2 Ϸ 1 seems plausible, but the approximation error is large, and in fact nothing above 0.8 can be firmly excluded. As mentioned above the scaling dimension x 2 = 1 would be expected if the delocalized excitations behaved as those of the pure H 1/2 model for which the lowest scaling dimension given by Eq. ͑15͒ is 1.
The coefficient of the leading logarithmic correction d 2 may again be universal in accordance with Eq. ͑12͒. The most probable value, consistent with our data, is d 2 = −2.5± 1. This has different sign than d 1 . It also differs considerably from d 1 = −1 characterizing the lowest gap in H 1/2 . Nevertheless, we should warn the Reader that the estimation of x 2 and d 2 depends very much on the precision of B. Changing B practically acts as a horizontal shift in the figure, which can modify substantially the extrapolation results.
For the S = 3 2 chain, as seen in Fig. 4 , the finite-size dependence is very small. The scaled gap initially decreases in L, then starts to increase very slightly for larger L. If this were the thermodynamic limit, we would conclude that x 2 Ϸ 0.47± 0.01. This would contradict universality with the im- purity model. However, having seen the nonmonotonic behavior for the impurity model, there is some doubt for this conclusion. We have to leave open the possibility that the local minimum of x 2 may be followed by a strong upturn for larger values of L. We estimate that the crossover length for this upturn should be, in the worst case, around 1 / ln͑BL͒ Ϸ 0.2, which corresponds to L ϳ 1300 with B determined in Eq. ͑16͒. Unfortunately, system sizes with L = O͑10 3 ͒ are currently beyond what we can attain numerically with reasonable time and precision ͓say, a minimum required relative precision of O͑10 −6 −10 −7 ͒ for the gaps͔ for critical ͑gapless͒ systems. We should return to this question when improvement in hardware and algorithms permits a reliable investigation.
IV. SURFACE CORRELATION FUNCTIONS
In the following we investigate the surface correlation function C L ͑l͒. We start our analysis with the S = 1 chains, H AKLT and H 1 , where the surface order and the localization of edge spins are well-understood. These models serve as benchmarks, and we ask to what extent these results can be generalized to the half-integer spin models, H 3/2 and H 1/2 1 ͑͒.
A. S = 1 spin chain
Correlation functions can be calculated rigorously for the AKLT model, H AKLT , where the exact ground state is the VBS state. 10, [27] [28] [29] It turns out that the two point correlation function between any two points i and j Ͼ i in a finite open chain with length L in the singlet ground state is
͑17͒

From this the surface correlation function with
ͬ .
͑18͒
For L → ϱ there is a finite surface order,
with AKLT =1/ln͑3͒ the ͑bulk͒ correlation length of the AKLT model. Note that C͑1͒ = lim L→ϱ C L ͑1͒ = −4 / 9, which is exactly equal in magnitude to the string order parameter. This is a peculiarity of the AKLT model, but there is a general qualitative relationship between the existence of end spins, the string order in the bulk, the surface order, and the nonvanishing entanglement between the end spins, 30 all holding for the pure S = 1 chain too. All these quantities can be used as order parameters in the Haldane phase.
As expected, the l-dependence of C l and also the finitesize corrections are determined by the bulk correlation length AKLT . For instance, for C L ͑1͒ we find the expansion
͑20͒
For H 1 we determined the surface order numerically. Precise numerical estimates for C͑l͒ and f are obtained in the following way. Assuming finite-size corrections in the form of Eq. ͑4͒ we obtained effective, finite-size estimates from three-point fit both for C͑l , L͒ and f ͑L͒.
The fitted values for C͑l , L͒ converge very rapidly, and we find a clear surface order C͑l͒ = lim L→ϱ C͑l , L͒ Ͼ 0, whose value for l = 1 reads C͑1͒ = −0.283 064 84͑1͒. Note for comparison that the string order parameter in this case is 0.374 335. 8 The correlation length has a stronger L dependence, which can be a result of a neglected algebraic prefactor on the right-hand side of Eq. ͑4͒. Its extrapolated value for the end-to-end correlation is f = 6.1͑1͒, which should be equal to the bulk correlation length = 6.03, 8 as expected on general grounds.
The finite-size corrections to the surface spin correlations are illustrated in Fig. 5 , in which C L ͑l͒ − C͑l͒ for l =1,2,3 is plotted as a function of L in a semilogarithmic scale. Having an appropriate extrapolation value C͑l͒, the points lie on an approximately straight line, the asymptotic slope of which defines the inverse of f . The slope of all lines in Fig. 5 is compatible with the bulk correlation length.
The extrapolated values of the surface correlation function C͑l͒, obtained for different l-s are plotted in the inset of Fig. 5 in a log-log plot. The asymptotic slope is again compatible with the known bulk correlation length. An accurate estimate is obtained by calculating effective ͑l͒ values by two-point fits, see Table I , which is then extrapolated for l → ϱ as s = 6.05͑3͒. The numerically determined values of the surface correlation function C L ͑l͒ for l =1,2,3 are given in Table II . We believe that these values are accurate up to at least eight digits.
The fundamental question we would like to answer is whether C͑l͒ = lim L→ϱ C L ͑l͒ remains finite as for the S =1 chain or scales to zero. Since bulk correlations are algebraic, we expect that neither C L ͑l͒ can contain a finite characteristic length, in clear contrast to the behavior of the S = 1 chain.
To obtain possible working hypotheses on C L ͑l͒, let us briefly consider an exactly soluble model, the Ising quantum chain with an extended defect, 33 whose properties are summarized in the Appendix. For this model there are three different type of surface critical behavior:
͑i͒ For weak enough defects C͑1͒ is zero and the end-toend correlations vanish algebraically. In this case the scaled gap, L⌬ 1 , has a finite limiting value predicted by conformal invariance.
͑ii͒ For a critical strength of the defect C͑l͒ is zero and the end-to-end correlations decay logarithmically. In this case the scaled gap vanishes logarithmically.
͑iii͒ Finally, for strong enough defects C͑l͒ is finite, which is approached by algebraic corrections. At the same time the scaled first gap goes to zero algebraically with L.
We start to analyze surface correlations for the S = 3 2 spin chain using an algebraic ansatz
which works for regions ͑i͒ and ͑iii͒ of the inhomogeneous Ising quantum chain. Local approximations to the three fit parameters can be determined from three-point fits using the consecutive numerical values for C L−12 , C L and C L+12 . These L-dependent local parameters are depicted in Fig. 6 as a function of 1 / L. If the ansatz were good, the fit parameters should stabilize as L increases. However, as is clearly seen in the figures, all parameters are monotonically decreasing functions of L, and there is no sign of convergence. The effective exponent ␣͑L͒ reaches 0.3 for L = 192, and it continues to fall rapidly. The effective values of ␣ are much smaller than the known surface exponent of the S = 1 2 chain. In fact, the rapid decrease seems to be consistent with a vanishing exponent in the L → ϱ limit. Approximants for C͑1͒ also decrease considerably for increasing L. The most probable interpretation is that the ansatz in Eq. ͑21͒ is inadequate. Our experience was similar with C L ͑2͒ and C L ͑3͒ as is shown in Fig. 6 . 
which contains two free parameters A l and , if we use the value of B determined from the first gap. This form corresponds to the borderline case ͑ii͒ for the inhomogeneous Ising quantum chain. This type of analysis is supported by the fact that the scaled first gap is vanishing logarithmically in both models. Indeed, this fit describes the correlation data more satisfactorily, as is obvious from the stability of the local parameters in Fig. 7 .
In order to present a theoretical basis to this procedure we note that having a marginal surface operator which scales as in Eq. ͑10͒, the end-to-end Green's function, G L ͑n͒ = ͗ n ͑0͒ n ͑L͒͘, associated with operator n , is believed to satisfy the Callan-Symanzik equation 5, 34 
where the beta and gamma functions are
From this, up to O͑g͒, the Greens function reads
͑25͒
We have seen that for the first excited ͑boundary͒ state x 1 = 0. Using then the actual scaling form of g͑L͒ in Eq. ͑10͒, we obtain
where we have used that by Eq. ͑14͒ d 1 =2b 1 / b. 5 Expecting that for small l the leading contribution to C L ͑l͒ is given by G L ͑1͒ we obtain the fitting ansatz in Eq. ͑22͒.
The results for A l and are shown in Fig. 7 . For l =1,2,3 the measured exponent is estimated to be = 0.31± 0.02. This value is convincingly close to 2d 1 = 0.28± 0.04, obtained earlier from the gap, supporting the theory outlined above. We note that the exact results of the inhomogeneous Ising quantum chain in case ͑ii͒ are in complete agreement with the predicted behavior. The prefactor of the logarithmically vanishing scaled gap in Eq. ͑A5͒ is just the half of the exponent of the logarithmic decay of the endto-end correlations in Eq. ͑A4͒.
C. S = 1 2 spin chain with impurity end spins
Finally we analyze the surface correlations for the impurity model H 1/2 1 ͑͒ with = 1. The fit parameters for Eq. ͑22͒ are presented in Fig. 8 . Scaling to finite values is very convincingly satisfied, especially for the end-to-end correlation, C L ͑1͒. There the extrapolated exponent is = 0.21 and the amplitude is A = 0.54. The exponent is found to be the same with somewhat higher error bars for any l in C L ͑l͒, and the amplitude A l is a monotonically decreasing function of l. Again the exponent nicely satisfies the expected relation =2d 1 with d 1 = 0.12± 0.02 from the first gap.
V. DISCUSSION
In this paper we have studied the energy spectrum and the surface spin correlations of the S = 3 2 antiferromagnetic Heisenberg chain. The analysis of the numerical data for both quantities was difficult due to strong logarithmic terms, which are the consequence of the presence of a bulk and a surface marginal operator in the fixed point. Our very accurate numerical data calculated by an advanced DMRG algorithm on finite open chains made it possible to infer the true asymptotic behavior. The end-to-end correlations are found to approach a vanishing limiting value, however the decay is extremely slow, it is logarithmic in L. This type of logarithmic decay is accompanied by a logarithmically vanishing scaled first gap in the spectrum of the system. The latter result is in accordance with a field-theoretical analysis of the problem, which is based on the assumption of localized edge states as in the S = 1 chain. Localization of edge spins, however, would imply an exponentially decaying surface correlation function, which is in contradiction with our numerical results. We can thus say that the edge states are logarithmi- FIG. 7 . Local fit parameters, A͑L͒ and ͑L͒, for Eq. ͑22͒ calculated from two-point fits for the H 3/2 model. cally delocalizing, or framing it differently, are just "quasilocalized." Having in mind the analogous result for the inhomogeneous Ising quantum chain in Eq. ͑A6͒ we can say that the edge spins are concentrated in a region of size ϳln L at the end of the chain. The delocalization of edge spins is so weak that even for a macroscopic system we may have the illusion that they exist and can be measured experimentally. For instance, we have seen that for L = 108 the end-to-end correlation is C L ͑1͒Ϸ−0.43, while for a macroscopic system with L =10 23 spins the fitted scaling form implies C L ͑1͒ Ϸ −0.18, still a relatively large value.
For comparison we have also analyzed the gaps and surface correlations of an S = 1 2 chain with S = 1 impurity end spins, which was predicted to be equivalent in the VBS picture. Indeed, we found that the exponent of the logarithmic decay of the correlations and the prefactor of the logarithmically vanishing scaled first gap are universal.
Higher gaps of the spectrum, in particular the second gap, scale as 1 / L. The precise analysis of the second gap is numerically more demanding. Whereas we were able to check and more or less confirm some existing conjectures for the impurity models, we could not convincingly reach the thermodynamic limit for the S = 3 2 chain. Up to the lengths we could achieve in our DMRG calculation the anomalous dimension x 2 shows a nontrivial value strictly below the predicted exponent x 2 = 1. More work is needed in the future on this issue.
We close our paper with some remarks. First, we note that for not too long chains the numerical data can be easily misinterpreted to have an effective gap exponent, Ͼ 1, and a finite limiting end-to-end correlation function, which is approached as a power-law. ͓For the analogous inhomogeneous Ising quantum chain this happens for strong defect couplings, A Ͼ 1, see Eqs. ͑A5͒ and ͑A4͒.͔ This type of behavior was suggested in an earlier numerical work, 35 but data on longer chains give evidence for the logarithmic dependence.
Half-integer spin chains with S Ͼ 3 2 are expected to have the same type of logarithmic end-to-end correlations as the S = 3 2 chain. In these cases the exponent of the logarithmic decay, 2d, is probably S dependent. We wonder if a fieldtheoretical approach, such as logarithmic conformal field theory can predict the values of these exponents.
Our final remark concerns the effect of quenched disorder. The quasi surface order in the S = 3 2 chain is found to be robust against weak quenched disorder. As studied in Ref. 35 the end-to-end correlations show the same qualitative behavior for not too strong randomness, and at the same time the critical properties of the system remain the same as in the nonrandom chain. For stronger, but still finite disorder the ͑quasi-͒ surface order vanishes, and the critical behavior of the system is controlled by new types of disorder fixed points. 35 ,36
in terms of the Pauli-spin operators, l x,z , at site l. This quantum Hamiltonian is related through a conformal transformation to a classical two-dimensional semi-infinite Ising model, the couplings of which at a distance l from the free surface deviate from the bulk value by an amount of A /2l.
Here we list exact results about the end-to-end correlation function, C L ͑1͒ = ͗ 1
x L x ͘, as well as for the lowest gap ⑀ 1 , which can be calculated in the free-fermion representation, when the Hamiltonian is expressed as The quantum Ising model in Eq. ͑A1͒ has the same type of bulk quasi-long-range order as the homogeneous chain with A = 0, but the surface properties of the system are modified by the smoothly varying inhomogeneity. These properties are qualitatively different for A Ͻ 1, A = 1, and for A Ͼ 1.
The behavior of the end-to-end correlation function can be summarized as follows:
i.e., it tends to zero as a power-law for A Ͻ 1, logarithmically for A = 1, and to a finite value with power-law corrections for A Ͼ 1. The first gap scales as
· ͑A5͒
The gap versus exponent relation established by Eqs. ͑12͒, ͑14͒, and ͑25͒, is satisfied for A Ͻ 1 and A = 1. For A Ͼ 1 the first gap is determined by a mode localized to the surface. This latter becomes clear when the eigenvector of the lowest excitation, ͑−͒ l 1 ͑l͒ is considered, which is given in the continuum approximation in terms of z = l / L as 1 
· ͑A6͒
This eigenvector is localized at l = L for A Ͼ 1, logarithmically delocalized ͑quasi-localized͒ for A = 1, and delocalized for A Ͻ 1. Note that another surface excitation can be constructed, which is localized at l = 1, as dictated by symmetry.
